The coefficients of diffusion, thermal conductivity, and shear viscosity are calculated for a system of non-relativistic particles interacting via a delta-shell potential V (r) = −v δ(r − a) when the average distance between particles is smaller than a. The roles of resonances and long scattering lengths including the unitary limit are examined. Results for ratios of diffusion to viscosity and viscosity to entropy density are presented for varying scattering lengths.
Gottfried's treatment [1, 2] of the quantum mechanics of two particles interacting through a delta-shell potential V (r) = −v δ(r − a), where v is the strength and a is the range, forms the basis of this work in which the transport properties of a dilute gas of non-relativistic particles are calculated for densities n for which the average interparticle distance d ∼ n −1/3 a. The delta-shell potential is particularly intriguing as the scattering length a sl and the effective range r 0 can be tuned at will, including the interesting case of a sl → ∞ that is accessible in current atomic physics experiments (see, for e.g., [3] ). The delta-shell potential also allows us to understand the transport characteristics of nuclear systems in which the neutron-proton and neutron-neutron scattering lengths (a sl −23.8 fm and −18.5 fm, respectively [4] ) are much longer than the few fm ranges of strong interactions. In addition, the delta-shell potential admits resonances.
For small departures of the distribution function from its equilibrium, the net flows of mass, energy and momentum are characterized by the coefficients of diffusion, thermal conductivity and shear viscosity, respectively. Here we calculate these coefficients in first and second order of deviations using the Chapman-Enskog method [5] . In particular, we examine these transport properties for varying physical situations including the case of an infinite scattering length, i.e., the unitary limit, and when resonaces are present.
We begin by collecting the two-particle quantum mechanical inputs [1, 2, 6] and cast them in forms suitable for the calculation of the transport coefficients. The Hamiltonian for two particles interacting via the deltashell potential isĤ = − 2 ∂ ∂r −L 2 r 2 is the Laplacian in spherical coordinates (L is the orbital angular momentum operator), r is the separation distance, v and a are the strength and range parameters of the potential, respectively. In terms of the dimensionless variable ρ = kr (k is the wave number), E = 2 k 2 2µ , and l the orbital quan- * Electronic address: sp315503@ohio.edu † Electronic address: prakash@harsha.phy.ohiou.edu tum number, the general solution of Shrödinger equation is given by the spherical Bessel functions j l (ρ) and n l (ρ):
The phase shifts δ l are obtained through [1] tan
where x = ka, and the single dimensionless parameter
controls all physical outcomes. At low energies (l = 0), the scattering length a sl , the effective range r 0 and the shape parameter P , are defined through [7] :
Note that as g → 1, a sl → ∞, but r 0 /a → 4/3 and P → 3/80. For l > 0, Newton's generalization of scattering lengths and effective range parameters reads as [7] 
For the delta-shell potential, the l ≥ 0 results are
The scattering lengths in Eq. are clearly evident. The case of g → −∞ corresponds to the hard-sphere case.
We turn now to calculate the coefficients of diffusion, thermal conductivity and shear viscosity, based on the Chapman-Enskog approach [5, 8] . The central ingredient is the transport cross-section of order n:
where the scattering angle θ and the collisional differential cross-section
are calculated in the center of mass reference frame of the two colliding particles. For indistinguishable particles, an expansion of the crosssection in partial waves l (2l + 1)(e i2δ l − 1)P l (cos θ) and the orthogonality of the Legendre polynomials P l renders the integral above to the infinite sums
The prime on the summation sign indicates the use of even l for Bosons and odd l for Fermions. In Eqs. (8), the low energy hard-sphere cross section (g → −∞) 4πa 2 has been used to render the transport cross sections dimensionless. If the particles possess spin s, then the properly symmetrized forms are:
Bose , for half-integer s .
Here, we will present results for the case of spin-1/2 particles only. The transport coefficients are given in terms of the transport integrals
where
In what follows, the coefficients of self diffusion D, shear viscosity η, and thermal conductivity κ are normalized to the corresponding hard-sphere-like values
(10) In the first order of deviations from the equilibrium distribution function, the transport coefficients are
Equation (11) shows clearly that if ω
is Tindependent (as for hard-spheres with a constant cross section), the shear viscosity exhibits a T 1/2 dependence which arises solely from its inverse dependence with λ(T ). For energy-dependent cross sections, however, the temperature dependence of the viscosity is sensitive also to the temperature dependence of the omega-integral.
The second order results can be cast as
where C is D or η or κ, and the ± refers to Bose (+) and Fermi (−) statistics. For example,
It is useful to define a characteristic temperaturẽ
in terms of which limiting forms of the transport coefficients can be studied. For spin 1/2 statistics, Fig. 2 shows [D] 1 from Eq. (11) normalized toD from Eq. (10). As expected, the diffusion coefficient grows steadily with temperature. For g = 1, 3, and for T T , we find the asymptotic behavior (the dashed lines in Fig. 2 )
The cases g → 1, 3 require special consideration. In these cases, the asymptotic behavior for T T is obtained from a series expansion in x = ka of the transport cross sections q (n) (x) in Eqs. (8) , and subsequent integrations of Eq. (9). We find the limiting forms:
for g = 1 Effects due to resonances associated with the partial waves l = 0 and 1 are indicated by the letters S and P , respectively. In the vertical shaded region, a large number of partial waves are required to obtain convergent results.
The asymptotic behavior (for T T ) of the shear viscosity [η] 1 is similar to that of the diffusion coefficient:
It is interesting that even at the two-body level, the coefficients of diffusion, thermal conductivity and viscosity acquire a significantly larger temperature dependence as the scattering length a sl → ∞ (g → 1). Figure 3 shows the normalized viscosity coefficient as a function of
for T <T . Enhanced cross sections at resonances produce significant drops in the viscosity as g → 2l+1. The widths of the dips in viscosity decrease with increasing values of l. For T ≤T , the dips become less prominent and disappear for T ≥T . For the densities and temperatures considered, the contribution from the second approximation is small as |δ η | < 0.05. TABLE I : Firsr order coefficients of diffusion (times mn), shear viscosity, and their ratios for T T for select strength parameters g. The unitary limit (g = 1) result for η was obtained earlier in Ref. [9] .
In Fig. 4 , the ratio of the coefficients of diffusion (times mn) and viscosity are shown as functions of a/a sl for T ≤T . As expected, the largest variations in this ratio occur as g → 2l+1, that is, as resonances are approached. For T T , the ratio approaches the asymptotic value 6/5 away from resonances and 4/5 for the S-wave resonance (a point). With increasing T , resonances become progressively broader with diminishing strengths; for T ≈T resonances disappear. For comparison, this figure also includes results for hard spheres.
The coefficent of viscosity (as also mn times the coefficient of diffusion) has the dimension of action ( ) per unit volume. The manner in which the effective physical volume V changes as the strength parameter g is varied is illuminating as our results for T T in Table I shows. In the unitary limit (g = 1), the relevant volume is V ∝ λ 3 . For g = 3, V ∝ λa 2 (independent of a sl ), and for g = 1, 3, V ∝ λa 2 sl (independent of a). Recently, a lower limit to the ratio of shear viscosity to entropy density is being sought [11] with results even lower than (4π) −1 ( /k B ) first proposed in [10] . We therefore examine [η] 1,2 /s using the entropy density
which includes the second virial correction [8] to the ideal gas entropy density. The second virial coefficient [8] 
where the prime indicates summation over even l's for Bosons (−) and odd l's for Fermions (+), E l is the energy of the bound state with angular momentum l and ξ(T ) = (λ/a) 2 /(2π). The insert in Fig. 5 shows a characteristic minimum of η/s versus T for fixed dilution na 3 and strength g. Values of [η] 1,2 /s at the minimum are also shown functions of a/a sl for several na 3 . The lower (upper) curve for each na 3 corresponds to the first (second) order calculations of η. The large role of improved estimates of η on the ratio η/s is noticeable. The case of na 3 = 1 possibly requires an adequate treatment of many-body effects not considered here. We can, however, conclude that in the dilute gas limit η/s for the delta-shell gas remains above (1/4π) /k B .
Our analysis here of the transport coefficients of particles subject to a delta-shell potential has been devoted to the dilute gas (non-degenerate) limit, in which two-particle interactions dominate, but with scattering lengths that can take various values including infinity. Even at the two-body level considered, a rich structure in the temperature dependence and the effective physical volume responsible for the overall behavior of the transport coefficients are evident. The role of resonances in reducing the transport coefficients are amply delineated. Matching our results to those of intermediate and extreme degeneracies [9, 12] which highlight the additional roles of superfluidty and superconductivity reveals the extent to which many-body effects play a crucial role.
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